The first systematic study of topological loops and double loops was presented by K.H. Hofmann in a series of papers at the end of the 50's. He considered double loops in the framework of topological algebra. For a comprehensive survey on the theory of loops and double loops the reader is referred to [7] , in particular to chapters IX and XI. In a more geometrical setting, topological double loops appear together with coordinate domains of topological planes: every topological ternary field (T, ~-) yields a double loop (T, +, o) by setting x + y = T(X, 1, y) and x o y = ~-(x, y, 0). In general, the ternary operation ~-cannot be reconstructed from the underlying double loop operations + and o, see [1] and [29] . Little can be said about topological double loops in general, but locally compact connected double loops have a rich topological structure (see the appendix of this paper). By a deep result due to R. L6wen ([16] and [12]), their dimension can only be 1, 2, 4, 8, or, possibly, cx~. The classical examples of locally compact connected double loops are the real and complex numbers, the quaternions and the octonions.
. For eight-dimensional ternary fields, H. Salzmann proved in [24] that either the connected component of the automorphism group F is isomorphic to the compact simple exceptional Lie group G2 as in the classical case, or F has dimension at most 13. It is unknown, however, whether or not this result can be extended to automorphism groups of eight-dimensional double loops.
In dimension four, the classical example is the field of quaternions, with automorphism group SO3iR. Thus it is natural to expect that the automorphism group F of an arbitrary four-dimensional locally compact connected double loop has dimension at most 3, This is true, in fact, if F is compact [12, XI.9.71 . Without the last assumption, H. Salzmann proved dim F _< 5 for ternary fields; no bound was known so far for double loops.
In this paper, we show that dim F _< 4 holds in general for automorphism groups F of four-dimensional locally compact connected double loops. This result simplifies many arguments about eight-dimensional compact projective planes. Throughout this paper, let ~ be a four-dimensional locally compact connected double loop and let F be a closed subgroup of the full automorphism group of ~. By [3] , this group is a locally compact transformation group with respect to the compact-open topology. Thus the covering dimension as well as the small and the large inductive dimension coincide for F. Since we are only interested in the topological dimension of F, we may assume throughout the paper that the group F is connected (see the sum theorem in [21, 3.2.5]).
Definitions and notation

A quasigroup
For a subset M C ~, the smallest closed sub-doubleAoop of ~ containing M is denoted by (M). If M = {0, 1 } we shall call • := (M) the prime double loop of ~. For any subgroup ~ of F we denote by ,~ the set of all those elements of ~ that are fixed by every automorphism 93 E ~b. Clearly, ,74 is a closed sub-double-loop of A ~. The one-point compactification ~ U {oc} of ~ is denoted by ~. All homology groups are assumed to be singular homology groups, whereas the cohomology groups are used in the sense of Alexander-Spanier-I~ech (see e.g. [28, Chap.6, Sect. 4] or [17, Chap. IX, w Reduced (co-)homology groups are written with a tilde on top.
Dimensions of automorphism groups
For compact groups F the sharp bound dim F < 3 was proved by H. and d r are at most two-dimensional. Note that [25, w (6) ] is formulated for fourdimensional ternary fields rather than for double loops, but the proof only uses the fact that a two-dimensional ternary subfield has at most two continuous automorphisms. This is also true for two-dimensional double loops (see [12, XI.9.3] ). Applying [13] we therefore obtain the desired inequality
Combining this result with Lemma (3.5) of the appendix and [12, XI.9.2] we get the following very useful corollary.
Corollary 2.2 If i ~ contains a non-trivial element of finite order, then the dimension of the group F is at most four.
In the next step we shall study the dimension of/" in the case where F is semisimple.
Corollary 2.3 A non-trivial quasi-simple automorphism group F is three-dimensional.
Proof. The quotient group F* := F/Z(F ) is a simple Lie group, where the center Z(F) is a zero-dimensional group. Assume that dim F > 3. Then, by the classification of quasi-simple Lie groups we have dim F = dim F* _> 6 and there is a non-trivial compact connected subgroup ~* of F* which is covered by a compact connected Lie subgroup ~b of F. The Lie group ~ contains a torus subgroup and thus has non-trivial elements of finite order. Hence the assertion follows by Corollary (2.2).
In order to show that a semi-simple automorphism group F of ~ is in fact quasi-simple, we first need information about subgroups of F centralizing each other. Proof. Since the connected group 9 leaves ,~ invariant and the dimension of ,7~ is at most 2, the group ~b must fix ,~rt~ elementwise. Interchanging the roles of cb and k~, it follows that ,~ := .~ = ,~. For any e C c,j\.~ we have (c ~) = ~ by [12, XI.9.1, XI.9.3], since ~ is a non-trivial connected group. Because ~b centralizes if', we obtain ~c = 1, i.e. the group ~b acts freely on ~\..~r. Hence dim ~b _< dim ~ = 4 holds. Now let dim q5 = 4. Then ~b acts transitively on ~\.~z-by Corollary (3.6) of the appendix. Hence ~ is a Lie group and ~ is a topological manifold by [19, (6.3) ]. Thus ~ is homeomorphic to ~4 by (3.2). Having a non-trivial maximal compact subgroup by [25, w (11) ], the group 9 contains a non-trivial element c~ of odd order. Since 9 acts freely on ~\.~, we have dim,~ = dim,~ = 2 by (3.5). Next we shall determine the topological structure of the group 9 by using Alexander duality. Note first that by [12, XI.9.6 ] the group 9 cannot contain a two-dimensional torus group. Being a four-dimensional non-compact Lie group with a non-trivial maximal compact subgroup, the group 9 is thus homeomorphic to one of thefollowing spaces: R 3 x ~,
• P3~, or ~ x ~3. Since the one-point compactification ~ of .~ is homeomorphic to the 2-sphere by [12, XI.8.2 .c] we obtain from Alexander duality the relation for 0 < k < 3. Now the relations H 2 (gz) ~ ~ and ~3-~ (~2) = 0 for k r 1 exclude all but one of the spaces mentioned above. The remaining space is just N3 x ~, which finishes the proof.
Theorem 2.5 A non-trivial semi-simple automorphism group F is a three-dimensional quasi-simple group.
Proof. Since F is semi-simple, the center Z of F is zero-dimensional and the quotient group F/Z can be written as a product r/z = rI kZ/z, k where the factors ~ := k~kZ/z are connected simple Lie groups centralizing each other. Note that the groups ~k are coverings of the groups k~. By Corollary (2.3), we may assume that we have at least two distinct non-trivial factors k~t I and ~2. If both of the groups Ol* and ~ are compact, their coverings k~ and Oz are compact quasi-simple Lie groups. This would imply that F contains a two-dimensional torus, which is impossible by [12, XI.9.7] . Hence we may assume that k~* contains a closed one-parameter subgroup R* ~ I~. This subgroup is trivially covered in k~l by a closed one-parameter subgroup R ~ I~ which is centralized by ~2. Applying Lemma (2.4) with 9 = R k~2 and kv = R to the product R k~2, we infer that this group is a Lie group homeomorphic to ~3 x 72. In particular, the group F contains a non-trivial element of finite order and by Corollary (2.2) we conclude that dim F _< 4. On the other hand, the group F contains the two quasi-simple factors q/n and g'2 and thus we have dim F _> 6, which is a contradiction. Hence the automorphism group [' must be quasi-simple and the theorem follows by Corollary (2.3).
The following lemma will play the key role in the proof of the inequality dim F _< 4. As an immediate consequence of this lemma we have dim F _< 5. Lemma 2.6 If F is a non-semisimple automorphism group of ~ with dim F~ >_ 2for some e C ~\.~, then dim F < 4.
Proof. Being non-semisimple, the group F contains a minimal connected commutative normal subgroup S. If the normal subgroup S is compact, then S lies in the center of F, since the connected group F induces isomorphic automorphism groups on both S and the discrete dual S* (see e.g. [14, (26.20) Theorem.]). This implies dim F _< 4 by (2.4). Hence we may assume S to be non-compact. Minimality of S now implies that S ~ R n. Let Z be the center of F and set O := CFS. Since S is a normal subgroup in F, the fix-double-loop ,~ of S is F-invariant. This implies that .~ = .~, for otherwise F would act non-trivially on ,~ and therefore dim.~ >_ 4 would hold by [12, XI.9.1, XI.9.3]. Hence ,~ = ~, which is impossible. In particular, we have e s ~ c and as before we infer that (c s } = ~. Thus the stabilizer O~ is trivial. Now let H < S be a minimal F~-invariant subspace, where F~ denotes the connected component of the stabilizer F~ containing the identity. Arguing as before, we get (e n} = ~ and therefore F~ must act faithfully and irreducibly on H. Furthermore, the stabilizer F~ is a Lie group by the argument of [24, (3. 3)] and/~ is a reductive group by [ We are now able to prove the main result of this paper.
Theorem 2.7 The full automorphism group F of a four-dimensional locally compact double loop ~ is of dimension at most four.
Proof. In view of Theorem (2.5) we may assume F to be a non-semisimple group. Then Lemma (2.6) implies that dim F _< 5, so we may assume in the sequel that dim F = 5. In this case all orbits c r" for c 6 c g\.~ are four-dimensional by Lemma (2.6). Hence, these orbits are open subsets of ~ and the group F acts transitively on the complement cr~ \,~ by Lemma (3.4), since ~ is a Cantor manifold by [26, Thin.A] . Furthermore, the group F is a Lie group und ~ is homeomorphic to R 4, compare the proof of (2.4). By Corollary (2.2) the group F cannot contain a nontrivial element of finite order and thus the maximal compact subgroup of F is trivial. By the Malcev-Iwasawa theorem (see [15, Thm. 13, p . 549]) this implies that F is homeomorphic to •5. Finally, we may assume by Proposition (2.1) that the double loop ,Tr of fixed elements is zero-dimensional. Now, by (3.1) we know that is locally connected and we may apply Lemma (3.4) to obtain that F/F c ,.~ c r = ~\,~.
To obtain a contradiction in this situation, we shall show that the homotopy groups of F/F c and of ~\,~;~F are different.
We first note that the reduced cohomology group H0 (.~) does not vanish, because 9 ~ is totally disconnected and contains at least three elements, namely the elements Because the group F is homeomorphic to ~5 and the stabilizer I'~I is homeomorphic to IP~, all homotopy groups of F and F(, vanish for n _> 1. In particular, the exactness of the homotopy sequence implies that rc3(F/1.) ~ 7r3(I~:) = ~, which contradicts the previous result obtained from Alexander duality. Hence the assumption dim F = 5 is contradictory, and therefore the inequality dim F < 4 must hold.
Appendix
The results in this section hold for locally compact connected double loops of arbitrary dimension. The proofs of these statements can be found in [16] and [26] , cp. also [12, XI.8] . For the last assertion see [22, 7.12] Proof. In [16, Thm. 2a] it is proved that a locally compact connected ternary field is an n-dimensional homology manifold over Z. Since the proof of this fact only uses the double loop structure of a ternary field this result applies to double loops as well (cp. [12, p.334] Proof. Let /2 C F be an arbitrary compact neighborhood. Because F is a LindelOf group, there exist elements %~ ~ F (n ~ ~) such that Praof. Because ~ is a compact n-dimensional cohomology manifold over Zp as well as an n-dimensional cohomology sphere for every prime number p by Theorem (3.3), we may apply [18, Thm.C, p. 463] to the group (q.) acting on ~ and obtain that 9 /~ is a (co-)homology-k-sphere. Note that by setting oc~ = oc, the automorphism -y becomes a homeomorphism on ~. Since a homology-0-sphere only consists of two points and since -~ fixes the three distinct points 0, 1, and oc, we conclude that k > 0. By [18] , this implies the connectedness of .~. For the second part of the lemma see [9, Thm. 5.2] ; compare also [27, p. 404t . 
